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| 7 | I Abstract 

10 We use Euler systems to prove the Gras conjecture for groups generated by 
Stark units in global function fields. The techniques applied here are classical and 
go back to Thaine, Kolyvagin and Rubin. We obtain our Euler systems from the 
torsion points of sign-normalized Drinfel'd modules. 

> 

^ : 1 Introduction 
o 

^ i Let k he a global function field of characteristic a prime number p. Let F^, q := p", be 
the field of constants of k. Let oo be a place of k and let Ok be the Dedekind ring of 
functions f & k regular outside oo. We denote by k^ the completion of at oo. Let us 
' fix C kao a finite abelian extension of fc, and write G for the Galois group of K/k, 

G := Gal(i^'/A;). The inclusion K C k^o simply means that the place oo splits completely 
in K. Let Ok and O^ be respectively the integral closure of Ok in K and the group of 
units of Ok- One may use Stark units to define a subgroup £k of O^ such that the factor 
group 0^/£k is finite (See the definition of £k in the next section). Let H C k^o he the 
maximal abelian unramified extension of k contained in koo- In [5j it is proved that in 
case K G H we have 

(1) [Oi : e,] - ''C''^' 



[H-.K]- 



where h{OK) is the order of the ideal class group of Ok- In the general case, one may 
obtain (a complicated formula for) the quotient [O^ : £K]/h{OK) in terms of numerical 
invariants of K/k, exactly as the first author did in [HI formula (3.3)]. Let CI{Ok) he 



2000 Mathematics Subject Classification. Primary 11R58, Secondary 11G09 
"Key words. Function fields, Stark units, Gras conjecture, Euler systems, Drinfel'd modules 



1 



the ideal class group of Ok- Recently, in [10], the second author used his notion of 
index-module to prove the following remarkable result. Let g := [K : k], then, for every 
nontrivial irreducible rational character \E' of G we have 



(2) 



[e^{ng~^] : e^(Z[g-i] ®t.£k)] = #[e*(Z[g-i] ®^C\{Ok))] 



where e^, is the idempotent of Z[g^^][G] associated to ^ . By #X we mean the cardinality 
of the finite set X. The formula (E]) may be considered as a weak form of the Gras 
conjecture for £k- 

In this paper we use Euler systems to prove the Gras conjecture for £ki for every 
prime number p \ p[K : k] and every irreducible Zp-character of G, not in the set Sp 
defined as follows. If p 7^ p is a prime number then we denote by /ip the group of p-th 
roots of unity. \{ p\[H : k] and fip G K then we denote by u the Teichmuller character 
giving the action of G on fip. Let / be the order of q in (Z/pZ)^. Then Fg(/ip) = F^/ 
and the order of a; is /. We define 



Theorem LI. Let p be a prime number such that p \ p[K : k]. Let x be a nontrivial 
irreducible Zp-character of G such that x ^ 2p. Then we have 



where is the idempotent o/Zp[G] associated to x- 

The proof of this theorem is given at the end of the paper. The formula ([3]) is proved 
first by Keqin Feng and Fei Xu in [1] when k = Fq(T) is a rational function field in one 
variable, 00 is the place associated to the unique pole of (1/T), K = for some ideal 
m of Cfc = Fg[T] (the field Hm is defined below) and p \ q{q — 1)[K : k]. To obtain their 
result, Keqin Feng and Fei Xu also used the method of Euler systems. 



For each nonzero ideal m of Ok, we denote by the maximal abelian extension of k 
contained in koo, such that the conductor of H^/k divides m. The function field version of 
the abelian conjectures of Stark, proved by P. Deligne in [9j by using etale cohomology or 
by D. Hayes in [3l Theorem 1.1] by using Drinfel'd modules, asserts, for any m ^ {(0), Ok}, 
the existence of an element e = Sm H^, unique up to a root of unity such that 




if fip <;t K or p \ [H : k], 

{uj\ i G (Z//Z)^} if p\[H -.k] and fip C K. 



(3) 



[ex(Zp O^) : e^{Zp 



)] =#[e^(Zp®^a(0,,))] 



2 The group Sk 
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(i) If we set Woo = q'^°° — l, where d^o is the degree of oo, then the extension Hm(e^/^°°) / k 
is abehan. 

(ii) If m is divisible by two prime ideals then e is a unit of Ch„,- If tn = q"^, where q is 
a prime ideal then 

Woo 

where := g — 1 and (q)^ is the product of the prime ideals of Oh^^ which divide 

q- 

(iii) We have 

(4) L,(0,x) = — x{cr)voo{en, 

Woo 

creGal(i/m/fc) 

for all complex irreducible characters x oi Gal^H^/k). 

Here s i — > Lm{s, x) is the L-function associated to defined for the complex numbers s 
such that Re{s) > 1, by the Euler product 

L,,{s,x) = ll{l-xi^o)Nix>)-^y\ 

where t) runs through all the places of k not dividing m. For such a place, a„ and A^(t)) are 
the Frobenius automorphism of H^/k and the order of the residue field at D respectively. 
Let us remark that (Too = 1 and A^(oo) = q'^"' . 

For any finite abelian extension L of fc, we denote by /i^ the group of roots of unity 
(nonzero constants) in L, by wl the order of and by J-^ C Z[Gal(L/A;)] the annihilator 
of ^L. The description of J-^ given in [3l Lemma 2.5] and the property (i) of imply, in 
particular, that for any rj G there exists e^-^ivi) G such that 

^m(^)'"- = 4- 

Definition 2.1. Let Vk be the subgroup of generated by and by all the norms 

NH^/H^nK{e^{ri)), 

where m is any nonzero proper ideal of Ok and rj is any element of J-^m- We define 

Sk := Vk n Ol. 
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3 The Euler system 



For any finite abelian extension F of k, and any fractional ideal a of Ok prime to the 
conductor of F/k, we denote by (o, F/k) the automorphism of F/k associated to a by the 
Artin map. If a G then we denote by A^(a) the cardinality of Ok/a. Let X{Ok) be the 
group of fractional ideals of Ok and let us consider its subgroup V{Ok) := {xOk, x & k^}. 
Then, the Artin map gives an isomorphism from Pic{Ok) '■= T{Ok)/V{Ok) into Gal{H/k). 
Let p be a prime number, and let PiCp(Cfe) be the p-part of Pic{Ok). Then, fix Oi, . . . , a^, 
a finite set of ideals of O^ such that 

(5) PiCp(Cfc) =< Oi > X • • ■ X < as >, 

where < Oj >7^ 1 is the group generated by the class Oj of Oj in Pic((9fc). If rii is the 
order of < >, then (Oj)"' = aiOk, with aj G Ok- If PiCp{Ok) = 1 then we set s = 1 and 
Oi := Ok and ai = 1. 

Let p 7^ p be a prime number, and let M be a power of p. Let /xm be the group of 
M-th roots of unity. Then we define 



(6) K 



M 



Moreover, we denote by £ the set of prime ideals £ of Ok such that i splits completely in 
the Galois extension i^M (o-i''*^, . . . ,al^^)/k. Exactly as in [HI Lemma 3] we have 

Lemma 3.1. For each prime i & C there exists a cyclic extension K{i) of K of degree 
M, contained in the compositum K.Hi, unramified outside i, and such that K{i)/K is 
totally ramified at all primes above i. 

Proof. Let us remark that the group C := GaA{Hf/H) is cyclic of order {N{i) — 
l)/wk- Since £ splits completely in Km the integer M divides (A^(^) — l)/wk- In particular 
the fixed field of C*^ is a cyclic extension of H of degree M. Let us denote it by H{i). 
Let (Tn- := {ai, H{i)/k), for i = l,...,s (remark that Oj is prime to i). Let D :=< 
(Jn^ , . . . , o"a^ > be the subgroup of Gal{H{i)/k) generated by the automorphisms aa^. Let 
E be the fixed field of D. Let P be the p-part of GaA{H/k) and L be the fixed field of 
P. From ([SD we deduce that E n H = L. Moreover, if a e D n Ga\{H{i) /H) then a 
is the restriction to H{t) of some automorphism {xOk, Hi/k), where x = Y[i=i^T- 
such elements are M-th powers modulo i for i & C, which implies that {xOk, Hi/k) G C*^ 
and hence a = 1. Therefore H{€} = E.H. It is obvious now that E = E'L, where E' 
is a subfield of E such that E' (1 L = k. The field K{i) := E'.K satisfies the required 
properties stated in the lemma. □ 
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Let S be the set of squarefree ideals of Ok divisible only by primes i G C. If a = 
£i ■ ■ ■ C e 5 then we set K{a) := K{ii) ■ ■ ■ K{Q and K{Ok) := K. If g is an ideal of Ok 
then we denote by S{q) the set of ideals a E S that are prime to g. Following Rubin we 
define an Euler system to be a function 

a : 5(0) — > k^, 

such that 
El. a(a) G i^(a)\ 
E2. «(a)eO^(„),ifa^O,. 

E3. Ari^(ai;)/i^(„)(a(a£)) = a{ay-^''^^^~\ where Fr(£) is the Frobenius of £ in Gal(ii'(a)/A;). 
E4. a{ai) = a(a)^=^°^W(^(^)-i)/^'^ modulo all primes above i. 

We use the theory of sign-normalized Drinfel'd modules, developped by D. Hayes in [3], 
to produce Euler systems. Let be the completion of the algebraic closure of koo- Then 
Qk is algebraically closed. We briefly recall the definition of the Drinfel'd module 
associated to any C^-lattice F of Qk, that is, any finitely generated C^-submodule of flk, 
of rank one. Let i^fe[F] be the left twisted polynomial ring in the Frobenius endomorphism 
F : X I — > x'i, with the rule ¥.w = w'^.F, for all w G fifc- Then, $^ : Ok — > ^k[F], is the 
Fg-algebra homomorphism such that the image of x is the unique element $^ of fifc[F] 
satisfying 

(7) er{xz) = ^l{er{z)), for all z eflk- 
Here, by er{z) we mean the infinite product 

er{z):=zl[{l-z/j) (7^0). 

Theorem 3.2. The infinite product er{z) converges uniformly on any bounded subset 
ofQk- We thus obtain a surjective ¥q-linear entire function ofQk, periodic with T as a 
group of periods. 

Proof. See [U Theorem 8.5]. □ 
Theorem 3.3. //F C F' then the factor group F'/F is finite. Moreover, 

(8) eriz) = P(F, F'; er{z)), for all z G fifc, 
where P(F, F'; t) is the polynomial 

P{T,T';t):=tllil-th), (7 e er(F')). 

7^0 
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Proof. Since F and T' are finitely generated Ofc-submodules of Qk, of rank one there 
exist a, a' G and fractional ideals a and a' of k such that T = aa and T' = a' a'. The 
hypothesis F C F' means that c := aa'~^ aa'~^ is a nonzero ideal of Ok- But F C F' 
is isomorphic to Ok/ c which is necessarily finite. The other assertion of the theorem 
corresponds to [4|, Theorem 8.7]. □ 

It is easy to check the following equality 

(9) P{ujT,ujT';ujt) = ujP{T,r;t), 
for all w G . 

Corollary 3.4. Let F c F' c F" be three Ok-lattices ofVtk- Then 

(10) P(F,F";t) = P(F',F";P(F,F';t)). 

Proof. The identity (fTOj) is an immediate consequence of ([8]). □ 
Let us set 

'5(r,F'):=n7-\ (7eer(F')). 

Lemma 3.5. We have 

^l{t) = xP{V,x-^V-t), 
for all X E Ok — {0}. In particular, the leading coefficient o/$^ is x6{r,x~^r). 

Proof. We have to apply ([H]) to the lattice F' := x^^T. But since er{xz) = xer>{z) 
we obtain er{xz) = xP(T,x~^T]er{z)). Comparing with ([7]) gives us the formula for 

□ 

Proposition 3.6. Let a be a nonzero ideal of Ok- Then, the left ideal of fifc[F] 
generated by a E a, is principal generated by the monic polynomial 

$^(t) ■-=6iT,a-'T)-'P{T,a-'T;t)- 

Proof. If a G a then <l>l{t) = aP(a-^F, a^^F; P(F, a'^F; t)), thanks to This 
proves that our left ideal is generated by P(F, a~^F; t). □ 

Corollary 3.7. Let D : i^jtfF] — Qk be the map which associates to a polynomial 
in F its constant term- Then 

(11) D{^l) = x and D{^1) = 6{T,a-^T)-\ 
Moreover, if s^r{x) is the leading coefficient Then 

(12) D{^laJ = s^r{x)-'x. 



6 



Proof. This is immediate from the exphcite description of and given by 
Lemma [3.51 and Proposition 13.61 □ 

Let k{oo) = F^doo be the field of constants of k^o and let sgn be a sign-function of koo 
(fixed throughout this article), that is a continuous group homomorphism sgn : k^ — > 
k{oo)^ such that sgn(x) = x for all x G A;(oo)^. 

Definition 3.8. The Drinfel'd module is called sgn-normalized if the leading 
coefficient of $^ has the form sgn(x)'^, where rr G Gal(A;(oo)/Fq) is an automorphism of 
k{oo)/¥g depending only on P. 

Theorem 3.9. Let c be a fractional ideal of Ok- Then, there exists a nonzero element 
^(c) G such that the Drinfel'd module associated to c := ^(c)c is a sgn-normalized 
Ok-module. Moreover, ^(c) is determined up to multiplication by elements of k{oo)^ . 

Proof. We refer the reader to [U Theorem 12.3 and Proposition 13.1]. □ 

Proposition 3.10. If^iO^) is fixed then for every fractional ideal c ofO^ there exists 
a unique choice of ^{c) so that 

(13) e(a-^c) = Di^D^c), 

for all ideal a of Ok- 

Proof. By [U Theorem 8.14 and Theorem 13.8] if ^(c) is given then ^(a^^c) is de- 
termined by (fT3|) up to an element of k{oo)^ . We leave it to the reader to check that if 
^{Ok) is fixed then (fT3l) allows us to fix a value of ,^(c) for every c. □ 

Let us fix ^{Ok) and let us denote by H* the normalizing field with respect to sgn, 
cf. [31 Definition 4.9]. We recall that if $ is a sgn-normalized Drinfel'd module, then H* 
is the subfield of flk generated by the coefficients of the polynomials ^x, x E Ok- 

Theorem 3.11. The extension H*/k is finite abelian and unramified except at oo. 
The ramification index at oo is Woo/wk- Also we have H C H* and [H* : H] = Woo/wk- 

Proof. See P Theorem 4.10] or [4, §14]. □ 

Let m be a nonzero proper ideal of Ok, and let us consider the element 

Am := ^Mem(l). 
Then, we may deduce from above the following 
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Lemma 3.12. We have 

(14) e(a-'m)e„-i^(l) = ^^AJ, 
for any nonzero ideal a of Ok- 

Proof. By ^ and © we obtain ^{a~^m)e^^i^{l) = D{<t>f)P{m,a-^xh;XJ. 

Now use Proposition 13.61 and ( fTTI) to conclude. □ 

In the sequel we shall use the field := H*{Xm)- As proved in P, §4] is a finite 
abelian extension of k. Moreover, C fcm and 

Theorem 3.13. 

(15) Nk„/HA>'m) = is a Stark unit 

Proof. The equality is Theorem 4.17 of The fact that —XZ°° is a Stark unit is 
also proved in [3l §§4 and 6]. □ 

Lemma 3.14. If q is a prime ideal of Ok then 

X J An, if q|ra 

(16) A^fc„c/fc„(Amq) = < .l-Fr(q)-i -r l 

[ Am if q t m 

where Fr(q) is the Frohenius of q in Gal(fcn,/fc). 

Proof. Let F := ^(mq)mq, $ := and C, ■= Let X be a complete set of 

representatives modulo mq of the kernel of the natural map 

{Ok/mqr iOk/m)\ 

We may choose X so that sgn(a;) = 1 for all x E X. By [3l formula (4.8)] we see that 
GaA{kmq/km) is equal to the set {{xOk, k^q/k), x G X}. Since Amq = er(0 = ^xOk 

if sgn(a;) = 1, the theorem 4.12 of [3J and the above formula ([7]) give 



A^fcmq/fcm(Amq) = n er(a;0- 



Suppose for the moment that q|m. Then, the set Y := {^t, 1 — t E X} is a complete 
system of representatives of q^^F/F. This allows us to deduce 

n ^r(a;0 = n ^r(e -y)= e.^iriODi^), 

x€X y& 

where the last equality is a direct application of ([8]) and (ITT!) . But, on one hand, it is 
obvious that eq-ir(0 = i^miX) and on the other hand ^i5($q) = ^(m) by (IT^ . Thus we 
proved the norm formula when q|rri. 
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Let us now assume that q f m. Let to G m he such that to = I modulo q, then, the 
set Z := {C,to} U {^t, 1 — t E X} give a complete system of representatives of q^^F/F. 
Therefore ([H]) implies 

er(e - ^to) n erixO = H - ^) = /^($q)e,-ir(0 = A.. 

Thus we have 

AT. ,. {\ 



^(mq)emq(xo)' 

where = 1 — to- But, we may choose xq such that sgn(xo) = 1. In particular, 
D{<^xoOk) = ^0 and ^(mq)emq(xo) = ^(a^o ^mq)e^-i„^q(l) = ^(o-%)eo-im(l), where a := 
xoq~^. By dH]), [3i Theorem 4.12] and the fact that {xoOk, k^/k) = 1 we obtain 

(17) e(mq)e„q(xo) = A^^(^)-\ 

This completes the proof of the lemma. □ 
Lemma 3.15. Assume qf m. Then, 

(18) A^q - A^'-(^)-^ = A-^\ 

where 0"^ := (m, fcq/A;) is the automorphism of k^/k associated to m by the Artin map. 

Proof, let us keep the notation of the proof of Lemma [3.141 Then, an easy compu- 
tation based on f lT7|) gives 



(19) A.nq-A^^^")" =e(mq)e„q(to). 

On the other hand, (fT^ and ffT^ give ^(tg^triq) = sq,{to)^Hoi{m(\). Thus, if we set 
a := to^~^ C Ofc, then we obtain 

^(mq)emq(to) = s$(to)^(a"^q)e„-iq(l) = s$(to)$2(Aq)- 

The last equality is a special case of ( !T4|) . By [3;, Theorem 4.12 and Corollary 4.14] we 
have $^(Aq) = (s$/(to)^^Aq)°"" , where $' := Let * be the operation introduced in 
[21 §3]. Then, $' = m * $, as proved in [21 Proposition 5.10] or [H Theorem 8.14] or the 
proof of [SI Theorem 5.1]. By p, formula (4.5)] we have s$'(to) = sq,{toY'^ . This proves 
the lemma. □ 

Let us keep the sign-function sgn fixed. Then, for any nonzero proper ideal m of 
Ok and any rj G J-'k^ the element (Am)'' belongs to ifm, thanks to P, Corollary 4.14]. 
Moreover, by ( !T5|) and [3l Lemma 2.5] we see that Vk is generated by hk and by all the 
norms 

A.(0) ■.= Nn^,H^nK{\^^''^-^'''-"^), 
9 



where m and g are any nonzero coprime ideals of Ok such that m Ok- Furthermore, 
the map a : iS(mg) — > k^, defined by 

a{a) :=NKH^^/^iMi'^-^'''-^/% 

is an Euler system such that a(l) = Am(g). Indeed, the properties El and E2 are im- 
mediately seen to be satisfied. The property E3 is a consequence of Lemma 13.141 The 
property E4 follows from Lemma [3.151 and [3], Lemma 4.19]. 

Corollary 3.16. If u e £k then there exist an ideal g of Ok and an Euler system 
a : S{q) — )■ k^, such that a(l) = u 

Proof. In view of the discussion above we only have to check the corollary for the 
roots of unity in K. But this is obvious. □ 

4 The Gras conjecture 

If £ G £ then we denote by ai a generator of the cyclic group := Gal{K{i) / K). Further, 
we set 

M-l 

Ni := r and Di := iai. 

tGGi i=0 

Let aE S and let '■= Gal(i^'(a)//^). Then ^ Y[e\a^^- Moreover, the inertia group 
of i in Ga is Ga\{K{a)/ K{a/i)), which we shall identify with G^. 

Let us now define Y to be the free multiplicative Z[Gn]-module generated by the 
symbols x(b), b|a, and we denote by Z its sub module generated by the relations 

1. x{bf-^ = 1, for all b\a and all a G Gal{K{a)/K{b)) 

2. x(bi)^' = x(b)i~^'^(^)~\ for all b G 5 and all £ G £ such that b£|a. 

Lemma 4.1. The 7j[G a\-module X := Y/Z is a free Z-module, with basis the set 

{x{by, b|a,a G Gb - U,|b,c^bGc}- 
Moreover, if we set := H^ib-^^ then, for all b\a and all a G G^, x{b)^''^'^'^^ G . 
Proof. The proof is exactly the same as for |7i Lemma 1.1]. □ 
Corollary 4.2. For any Euler system a : S{q) — > k^ there is a natural map 

(20) : S{q) KV(K^)*^ such that K^{a) = a(a)^° modulo (K^)*^. 



10 



Proof. The existence of is deduced from the above lemma 14.11 by applying the 
theorem 90 of Hilbert. We refer the reader to [Ti, Proposition 2.2]. □ 

To go further we need to understand the prime factorization of Ka{ci), for a G 5(g). To 
this end we adopt the following notation of Rubin, cf.[71 §2]. Let X = ©a^A be the group 
of fractional ideals of Ok written additively. If £ is a prime ideal of Ok then we write 
= ©;,|^ZA. liy e K"" then we denote by {y)i G le, [y] G I/MI and [y]e G le/MIe the 
projections of the fractional ideal (y) := yOx- 

Proposition 4.3. Let i e C and let us consider the map 

(21) : K{ir (O^/fO;,) V((0^/£0^)X)^^ 

which associates to z the sum ©ai^^a such that the image of z^^^' in [Ok/^)^ is equal to 
{zxY, where d := {N{i) — 1)/M. Then there exists a unique G-equivariant isomorphism 

(22) cp, : {OK/iOKV/iiOK/iOKr)^' ^le/MIe, 
such that 

(23) {ipe o i)(,){x) = [NK(e)/K{x)]e. 

Proof. We first prove the existence of (pi. Let A' be a prime ideal of OK{i) above i. 
Let vy be the normalized valuation of K{i) defined by A', and let vr G A' — (A')^. Then 
TT^"'^* has exact order M in the cyclic group {OK(e)/^')^ , because K{i)/K is cyclic, totally 
ramified at A := A' fl Ok. In particular, using the isomorphism OK{t)/'^' — Ok/^, there 
exists x\ G (Ci^/A)^ such that the image of 7r^~°"^ in (Ci^/A)^ is equal to {x\Y. Let us 
remark that the projection of X\ in (Cx/A)^/((Cx/A)^)*^ is well defined, does not depend 
on vr and, in fact, has exact order M. Thus, the isomorphism Ok/^Ok — ®\\iOk/^ allows 
us to define a G-equivariant isomorphism 

: {Ok/^OkYK{Ok/^OkY)^ ^IdMI,, 

such that the image of an element x := ©A|£(a;A)'^^ is <^^(a;) := ©ai^caA. It is clear that the 
map := —0£ satisfies fl23l) . The unicity of ipi follows from the fact that tpe and the map 
K{IY — ^ III Mil, X I — > [NK(f.)/K{.x)\£ have the same kernel, that is the set of elements 
X G K{i)^ such that Vx'{x) = modulo M, for all prime ideal A' above i. □ 

The map ipi induces a homomorphism {y G / (K^)^'^ , [y]£ = 0} — > le/MI^ which 
we also denote by (pi. 
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Lemma 4.4. For any Euler system a : S{q) — > k^, and any a G S{q), such that 



(24) [Ka{a)]i 



a i\a 

Mf^Mi)) if i\a. 

Proof. The proof is exactly the same as in [3, Proposition 2.4]. □ 



In the sequel, if p is a prime number such that p \ [K : k], x ^ nontrivial irreducible 
Zp-character of G, and 11 is a Zp[G]-module then we define := e^U. If 11 is a Z[G]- 
module then we define 11^ := e^(Zp ®z n). Before proving Theorem 11.11 we first need to 
prove the analoguous of ^ Theorem 4] and [71 Theorem 3.1]. For this we set 



K' := KM{a[ 



l/M i/M 



Lemma 4.5. Let p be a prime number such that p \ p[K : k] and let M be a power of 
p. Then the natural map 

f:K-l{K-r-^KlJ{Kl,r 

is injective if Hp ^ k. But if fip G k its kernel is contained in Fg/(F^)^^. In particular, 
it is annihilated by [K : k] — s{G), where s(G) := ^a, a G G. Furthermore, the kernel of 
the natural map 

g : K''/{K''Y' K"'/{K"')^ 
is also annihilated by [K : k] — s(G). 

Proof. Let F,.- (resp. F^^') be the field of constants of K (resp. Km)- Then Km = 
K¥^ri and Km is a cyclic extension of K^ with Galois group canonically isomorphic to 
Gal(Fg.7Fgr). Since ^ (F^.'/F^r , F^";, ) = the kernel of V is equal to 

(F^^n(F;„,)^0/(F^O*' 

\i ^ip(^k then F^.' = Fgr(/iM). In this case it is easy to check that F^,. n (F^^,)*^ = (Fg.)^^ 
li ^ip G k then F^,/ = ¥qr{{¥^Y'^). In particular (F^'^^,)*^ = F^^-. Moreover, since 
p \ [K : k] the integer r is prime to p. and hence Fgr/(Fgr)*^ is naturally isomorphic to 
F^/(F^)^. This proves the assertions of the lemme about the kernel of /. Further, since 
K' /Km is a Kummer extension and ai, . . . ,0^ are elements of fc, an elementary use of 
Kummer theory shows that the kernel of g is also annihilated hy [K : k] — s{G) . □ 

Lemma 4.6. Suppose p is a prime number such that p \ p[K : k] and let M be a power 
of p. Let X be a nontrivial irreducible 7jp- character of G. If fip G K and p\[H : k], then 
we assume % 7^ w. Let be the abelian extension of K corresponding to the x-P'^i^t 
C\{Ok)x- Then n K' = K. 
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Proof. The group G acts trivially on Gal(H^ fl Km/ K) because Km is abelian over 
k. On the other hand, GaliH'^ n Km / K) is a G-quotient of Gal(H^/ir) ~ C\{Ok)x- This 
implies that fl Km = K since x 7^ 1- Iii addition, ii p \ [H : k] then K' = Km- In 
particular we have proved that (1 K' = K in case p \ [H : k]. Let E := Km{^^ H K'). 
By Kummer theory we deduce from the inclusion E C K' that = KMiV^^^'^), where 
\^ is a subgroup of the multiphcative group < ai, . . . ,0^ >C k^ . But recall that Km 
and H'^ are abelian over K. In particular, if x G V^^^'^ and r G Gal(£'/iirAf) we have 
t{x)/x G /iAf n K. Thus, if /ip ^ -fC then E = Km and H'^ fl i^' = because of 
the isomorphism GaA{E/KM) ^ Gal(H^ n K'/K). li fXp C K, p\[H : k] then G acts on 
Gal{E/KM) via u. This implies that Gal{E/KM) = 1 because this group is isomorphic to 
Gal(H^n-ft''/-ft') on which G acts via u. The proof of the lemma is now complete. □ 

Theorem 4.7. Suppose p is a prime number such that p \ p[K : k] and let M be a 
power of p. Let x be a nontrivial irreducible Zp- character ofG. If fip G K andp\[H : k], 
then we assume x ^ ^- Let (5 G {K^ /{K^)'^'^)^ and A be a ZplG]- quotient of CI{Ok)x- 
Let m be the order of (3 in K^ / (K^)^'^ , W the G-submodule of K^ /[K^Y^ generated by 
13, H the abelian extension of K corresponding to A, and L := \-\r]K'{W^^^'^) . Then, there 
is a 7j[G] generator c' of Gal{L/K) such that for any c E A whose restriction to L is c' , 
there are infinitely many prime ideals A of Ok such that: 

(i) the projection of the class of X in A is c, 

(li) ifi:=XnOk then I e C, 

(lii) [/3]^ = and there is u E (Z/MZ[G])^ such that ipei(3) = {M/m)uX. 

Proof. We follow [3 Theorem 3.1]. Since W C (ir^/(ir^)*Ox and x 7^ 1, we 
deduce from Lemma H3] that the Galois group of the Kummer extension K'{W^^^'^)/ K' is 
isomorphic as a Z[Gal(ii'M/^)]-niodule to Hom(M/, /xa/)- But W ~ (Z/mZ[G])^, which is 
a direct factor of (Z/mZ)[G]. On the other hand, Hom((Z/mZ)[G], /im) is 'L[Gd\{K m / k)]- 
cyclic, generated for instance by the group homomorphism \1' : (Z/mZ)[G] — > fiM defined 
by \l/(l) = C and "^{g) = 1, for g 7^ 1, where ( E fiM is a. primitive m-th root of 
unity. Therefore, we can find r G Ga\{K'{W^/^) / K') which generates Gai{K'{W^/^) / K') 
over 'L[Gal{K M / k)]. The restriction c' of r to L is a Z[G] generator of GaX{L/K) ^ 
GaX{LK' /K') by Lemma iJl Let c G Gal(H/ir) = Ahe any extension of c' to H. Then 
one can find a E GdX{HK' {W^'^^) / K) such that 

cr|H = c and cf\^,^^i/m^ = r. 

By pTl Theorem 12 of Chapter XIII, page 289] there exist infinitely many primes A of 
Ok whose Frobenius in Ga[{\r\K'{W^/^')/K) is the congugacy class of a, and such that 



13 



i := Xn Ok is unramified in K'{W^^^^)/k. Now it is immediate that (i) and (ii) are 
satisfied. The rest of the proof is exactly the same as the proof of [TJ Theorem 3.1]. □ 

Theorem 4.8. Suppose p is a prime number such that p \ p[K : k]. Let x be a 
nontrivial irreducible Zp-character ofG. If & K and p \ [H : k], then we assume x 7^ w. 
Then we have 

(25) #C1(0;,)^ I i^{0-^/SK)^. 

Proof. We follow [71 Theorem 3.2]. Let x be a p-adic irreducible character of G such 
that x\x, and let x{G) := {x(<^)) <^ ^ G}. Then, the ring R := Zp[G]^ is isomorphic to 
Zp[x(G)], which is the ring of integers of the unramified extension Qp[x(G)] of Qp. Thus, 
i? is a discret valuation ring. Moreover, the i?-torsion of any i?-module is equal to its 
Zp-torsion. It is well known that O^/hk is a free Z- module of rank [K : k] — 1. More 
precisely there exists an isomorphism of Z[G]-modules log : O^/fiK — > where A is 
a submodule of the augmentation ideal of Z[G]. Moreover, A is a free Z-module of rank 
[K : k] — 1. Hence, since X 7^ 1; the quotient {0^)y^/ {jj,K)x is a free i?-module of rank 1. 
Let us define 

M:=pi^{Ol/£K\4^C\{OK\. 

Let /i, U and V be the images of and £k in /{K^)^'^ respectively. We deduce 

from above that, U^/fi^ is a free i?/Mi?-module of rank 1. But since 

(26) ujv^ ^ (o^Mi^Kh ^ R/tR, 

for some divisor t of M, there exists C, & giving an i?-basis of U^/^^ and such that 
^* G {£k)x- particular ^ has order M in / (K^)^^ . By Corollary 13. 161 there exist an 
ideal q of Ok and an Euler system a : S{q) — )■ k^, such that the map k := Ka defined by 
( I20I) satisfies k(1) = We define inductively classes Cq, . . . , Cj G CI{Ok)x^ prime ideals 
Ai, . . . , Aj of Ok, coprime with q, and ideals Oq, . . . , Oj of Ok such that Cq = 1 and = 1. 
Let ^ > 0, and suppose that Cq, . . . , Cj and Ai, . . . , Aj (if i > I) are defined. Then we set 
'^i = Ili<n<i^n (if i > 1), where in ■= A„ fl Ok- Moreover, 

• If CI{Ok)x 7^< Co; • • • ! >G) where < Cq, . . . , Q >g is the G-module generated 
by Co, ... , Ci, then we define Cj+i to be any element of CI{Ok)x whose image in 
CI{Ok)x/ < Co, . . . , Cj >G is nontrivial and is equal to a class c which restricts to the 
generator c' of Gal{L/K) in Theorem 14. 71 applied to (3 := ^(aj)^, the image of ^(aj) 
in (K^/(ir^)*^)^, and A := CI{Ok)x/ < Co, • • • , Q >g. Also we let A^+i be any 
prime ideal of Ok prime to g and satisfying Theorem 14.71 with the same conditions. 

• If Cl(Ci^)^ =< Co, . . . , Cj >G then we stop. 
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This construction of our classes Cj implies that the ideals £j := Aj fl Cjt G 5(g). Let be 
the order of ^(aj)^ in /{K^)^'' , and let := M/rrii. By the assertion {in) of Theorem 
14.71 we have ipi.^j^{K{ai)^) = utiXi^i, for some u G Z/MZ[G]^. But aj+i = aj£i+i. Thus 

(27) [/^Ifli+Oxl^+i = w^i^i+i) 

thanks to f l24l) . Now, by the definition of tj+i, the fractional ideal of Ok generated by 
^(ai+i);^ is a tj+i-th power. Thus, we must have tj+iltj. Actually, we can say more. 
Indeed, there exist ( G fix and z G such that ^(aj+i);^ = (z'^'+'^. Therefore, (HM and 
dSID imply 

(28) zOk = (Ai+i)"*>/*'+i(JJ A;Of''^/*'+S 

where uj G Zp[G] for all j G {1, . . . , i} and b is a fractional ideal of Ok- But we see from 
fl26|) that tQ\^{0^/ £k)x^ and since ti+i|to the integer M/tj+i annihilates 01(0/^),,.. The 
identity ( !28l) then implies 

(29) (ti/ti+i)ci+i G< Co, . . . , Ci >G ■ 
Let dim(x) := [Qp[x(G)] : Qp], then ([29]) implies 

#Cl(Ox)x I n(^^-i/^^-)''"^^"^ I ^r^"^ = *{0^k/£k\- 

□ 

Proof of Theorem 11.11 Let the hypotheses and notation be as in Theorem II. 11 Let ^ 
be the irreducible rational character of G such that xl^- The formula ([2]) may be written 
as follows 

n#ci(o/.),'=n#(^]^/^i^)x', 

x'l* x'!* 

where x' runs over the irreducible Zp-characters of G such that x'l^- Moreover, the 
formula ( l25l) is satisfied for such characters x' since x ^ '^v This implies ([3]). 
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